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ABSTRACT. Assume that G is a compact semisimple Lie group and ¢ its
associated Lie algebra. It is shown that the number of irreducible representa-
tions of G of dimension less than or equal to n is asymptotic to kn?’/?, where
a = the rank of O and b =the number of positive roots of §.

Let G be a simple, compact or complex, simply connected Lie group and €
its associated Lie algebra. If G is compact a representation is a real analytic
group homomorphism /: G — GL(V) where V is a complex vector space. If G is
complex a representation is a complex analytic group homomorphism f: G — GL(V).
In either case [ will be called irreducible if V has no nontrivial invariant sub-
spaces under the action of f(G). A homomorphism of Lie groups induces a homo-

morphism of the associated Lie algebras,
f*: 8 = 38IV),

a Lie algebra representation, and {* will be called irreducible if V has no non-
trivial invariant subspaces under the action of {*(8). It is seen from this defi-
nition that [ is irreducible «» /™ is irreducible. If G is simply connected a Lie
algebra representation of 8 induces a group representation of G and we thus
have a bijection between irreducible representations of G and 8. By the dimen-
sion of a representation we mean the dimension of V. Identifying conjugate repre-
sentations we ask, ‘*How many irreducible representations of G (or equivalently
8) are of dimension < T?”’. The question is simpler when asked of Lie algebras
since the structure of the representations is less complex.

8 is a complex simple Lie algebra if G is a complex simple Lie group or a
compact real form of a complex simple Lie algebra when G is a compact simple
Lie group. In the latter case there is a bijection between the complex representa-
tions of 8 defined over R and the complex representations of its complexifica-
tions, 8 ® C, a complex simple Lie algebra so that we need only consider the
case of 8 complex and simple.

The root space decomposition of a simple complex Lie algebra is well known
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and is found in [1] and [2]. We let § be a Cartan subalgebra, 5* its dual and

8 =9 ®, € be the canonical root space decomposition of @,

={X € 8 [H, X]= a(H)X, H € D}

R={a € S’é*l @ # 0} is called the set of roots. A subsetof R,{a ---,a, 1,
will be called simple if they are linearly independent, span ‘\5* and form an in-
teger basis for R. The dimension of © = agy is the rank of 8.

The Killing form is defined by (X, Y) = Tr(AdX o AdY). Restrictedto § it
is symmetric and nondegenerate. (,) induces a dual form on 5* so we may
speak of (a, B) when a and B are roots. Further, there are unique vectors H
HB € 9 such that (a, B) = a(H,B) = B(Ha) =(H,, H,B)'

If /*: 8 —8I(V) is a representation it has a weight space decomposition,

V =@,V), where

Va ={v £0| f*(H)v = MH)v, any H € §}.

If /™ is finite dimensional it is necessary that

)\(Hi) . A(zHal,/(ai La)) =20, a)/a,,a) € Z

forany a;, i=1, ca. If /¥ is irreducible there exists a weight A, called
the dommant welght such that A > \' for any other A’ in f*and MH )€ YA
i=1, .-+, a. Furthermore, if / is another irreducible representation with )\
as dominant weight then {* is conjugate to /*' . Thus we may identify {* with
its dominant weight and we will write 7, for f*. The lattice of dominant weights
is Z‘h)\1 ®---0 Z+)\a where A (H)=0,;. The interest of this is that the dimen-

sion of 7 is a polynomial in A. By the Weyl character formula
fo = dim 7y = [T (48, 0)/T1 5, )
a>0 a>0

where 0 = l/220_>0a o= 2)\1. [1, p. 257, so if A belongs to the lattice of domi-
nant weights then A + 8 belongs to the lattice of dominant weights. If we change
coordinates to A =A + 8 =2 A, A, where A, € R, then

dim 7y = fg(M) = ogom, a)/ I>IO (5, a).

The number of irreducible representations of € of dimension <7 is then equal
to the number of lattice points, A, such that A, >0 and f¢(A) <n. We now state

Theorem. Let G be a simply connected, simple, complex or compact Lie
group. The number of irreducible re presentations of G of dimension <n is
asymptotic to kn a9/ by, ; by = the number of positive roots of 8.

Proof. We first note that (A, @) is a linear homogeneous polynomial in the

coefficients of A since
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a a
in’\i’zmiaz‘ Zm(’\ a)X,.
i=1 i=1

=1

a
the transpose of M with respectto (, )

If e;, --+, e, is an orthonormal basis of 35* and if M: A, — e;, then if M! is

(A, @) = (M~IMA, a) = (MA, (M~ D)

and MA lies in the regular integer lattice in R%. Thus if L = 21_1 e;, X;>0,

and
&L - H(L (M‘l)‘a)/H(M3 M=Ytq)

then /0 (27_X;e,) = [o(Z_,X;7;) so we may regard fg as having asymptotes
e, =0 and the lattice of weights as the ordinary integer lattice. We now prove a

lemma on homogeneous functions.

Lemma 1. Let [ be a homogeneous function on R® of degree b which is
the product of linear forms Zmixi, m;20. If [=0onthe planes x, =0,
i=1,.--,a,andif

S(1) = {x € R?| f(x) <1, x, > 0}
bas finite volume then the number of lattice points in

S() = {x € R f(x) <, x> 0}
is asymptotic to Vol (S(1))r?/?.

Proof. It is clear that the volume of S() = Vol (S(1))r?/%. If x € S() then
/G B)) = V9P f(x) = 7~ 1(x) < 1.

Since we are in R? the Jacobian of the coordinate change x — ax is a® so
Vol (5()) = r*/?Vol (S(1)). We will be done if the number of lattice points in

$() ~ Vol (S(r)). To see this, draw a unit a-cube at every lattice point of S(r), w
with vertices at w, w + e any i. Call the union of these cubes LG); a set
which will contain S(r) N fxz. >1all i} since f will be increasing in each coordinate.
Now at each lattice point, w, draw a unit cube with vertices w, w - e, any i
Call the union of these cubes L(r). L(r) CS(+) and Vol L{) = Vol L(r). Call
EG)=5¢)n {xis 1 some i}. Then

L(r) C S() CL(») U E(?)
which implies |Vol S(r) - the number of lattice points| < Vol E(r). However

Vol E(r) = r*"® volix e S| x; < 7= some i}
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and since Vol S(1) < « the volume of this latter set — 0 by dominated convergence.
Thus Vol E(r) is o(Vol S(r)) and the number of lattice points in S(r) is asymptotic
to Vol S(r). O

We now have a criterion we would like to apply to the polynomials /@’. A
canonical example is the algebra A,. The positive roots of A, are a,, a,, a, +

a, and the polynomial fgz(x, y) = kxy(x +y). We wish to show
Volix, y|x >0,y >0, kxylx +y) <1} < oo
or equivalently Vol A < cc where
A={x,y|lx>0,y>0, xy(x +y) <1},

We divide A into twosubsets, A=A N {x >y}, A,=AN x <yl If (s, y) €
A xy(x +y) <1 which implies x%y <1.

A, Cilx, x>y >0, x%y <1}
VolA N fx € [0, 1} <% so Vol A is finite if

Vol{lx, Y)|x >y, x> 1, xzy <1} < oo,
The volume of this set is fo"zdx =1 so VolA < 3/2. Similarly, Vol Ay <
3/2 so Vol A <3 and the theorem is true for the algebra A,. We now extend

this method to higher dimensions.

Lemma 2. In R% let [(x) be a sum of monomials of degree b. If for every
permutation i of {1, .-, a} there exists in f(x) a monomial Xsl.(ll) ce X?Za)
where s, > -+ >s_ >0, then the volume of the set SA)=1{x| fx) <1, x, >0} is
finite.

Remark. From Lemma 1 this implies Vol S(r) = Vol s@)r2’t,

Proof of Lemma 2. We proceed by induction. If @ =2 we have monomials

’ ]
X31x5% and X(2X31, 5| >s,, s{ >s]. Again paritioning $() into A and A
we see
—s1/s2

Vol Ax§%+j:°x
=Y .;-(sl/s2 1)~ <o since s, > 5,
Similarly Vol A <! + (s /s - D71

Now assume the lemma true for @ — 1. Partition §(1) into the sets

A ; =S(l)ﬂ{xl >.-->xi }.
a 1= -

ll,‘)l a

We wish to show Vol Ail""’ia < oo for any i. As before
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S
Aj ey Clxlxg >eee > 2,
a 1 a

1 Sa
ip e e x4 <1

g
If xi >1 a cross-section of this set at i is the set

S S
2 Sa 1
f(xizw-' ’xia)l Kipg 2w 2% 20,00 eex Sl/inL

By induction and the previous remark the volume of the cross-section = kx;. 17

where y = s (a-1)/(2% _s.). The volume of
14 1 i=2"1

A ; <Vol(A;, ...; nix; €[o, 1]})+jwy-’ya’y.
a ' 'a 1 1

11’...71

The first set is contained in the unit cube so it has volume <1 and the integral is
finite as longas y > 1. But s;>s,Vi>1 so (a~1)s; > 2?=2s1.= y>1l. O
The proof of Theorem 1 will be complete if we show the criterion of Lemma
2 applies to the polynomials fy for all simple complex Lie algebras.
If A=Z2%_ X A, then foreach a=23¢_| m.a,
=1";" i= i
a
(A, a) = zl ml:(/\l., ai)Xl..
1=
Thus to determine / we must list all the positive roots of $ in terms of the

simple roots. We begin with the A ~algebras.
Lemma 3. The monomial X‘;“) cee X:(") is found in the expansion of /An
for every permutation s of (1, -+, n).

Proof. By referring to Serre [2] the positive roots of A are a;, -+, a;
A+, sor, @ +Q ;o5 0y + e +a . Since ()\i,ai)=c,/An=
kX -ee Xn(X1 +X2) (Xﬂ_1 +Xn) (Xl oo +Xn). We now apply induc-
tion. If n =2, /AZ =XfX2 +X1X§. Now assume the lemma for n — 1. We write
fa, = X, K, + X, ) eee (X e +xn)/A,,_1’ Pick an arbitrary permutation s.

' 1
Then s(n) =j. By induction XT(” ce X'fﬁ"l'” occurs in fA . where
n-

s(d) if s(i) <j,
s(@)! = oy
s() =1 if s(@) > .
Multiply this monomial by X in the first j factors X , ---, (X’z +oeee+ Xn+j-l)'

Now pick the least i such that s(/)’ <s(i). Multiply the monomial by X, in

(X, + -+ +X_). Then pick the next i' such that s(i") <s(i")’ and multiply

by X,, in (X, o +X_). Since i’ >i=1i"'>2,X,, is found in

(X2 +oeee+ Xn). We may thus continue until we have XT(I) oo X:("). o
Remark. The degree of /An is minimal such that we may find monomials
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S1
iy """’
that the degree of f = 27_| s, >37_| i = the degree of /An

Sp .
X Xl.(n) where s >...>s >0 since s >1, S,_122,:r+, s, 2n s0

Lemma 4. The monomial st(l)'l e Xis(")_l is found in the polynomials

fg. and [~ for any permutation s.
n n

Proof. The positive roots of B, are a a

17”'7 n;al+a‘2)'°°’

Qo tQ 5 e @yt ta and ot tan +2a].+~-+2an where
3 1 = n—l n LY CICIEY
i<j<nl[2]. fB,,‘k/A,,ni=1 074 X+ oo+ X, +2X, 4+ -+ +2X ). From

Lemma 3 we know the monomial XT“) e Xfl(”) isin f, . We wish then to show
n

that Xsl(l)"l cee X, where s(j) =1 lies in

co. xSte)-1
j n

n~1 n
n n (Xl.+---+X]._1+2Xj+~-+2xn).
i=1 j=j+1

We proceed as follows. There are n — 1 factors containing X . s(tD-1<n-1
so we may choose X, in s(1) = 1 of these factors. There are (n—1) + (n - 2)

factors containing X, and
(sD-D+6@Q-D<-D+@0-2)

so choose X, in the next s(2) -1 factors. Thus we may proceed at each stage
being able to choose s(i) -1 X,’s. Multiplying we have the monomial
x2s(1)=1y2s(2)=1 ,, x2s(n)=1

1 2 n °

n-1 R TR

For C, the positive roots are @, =+« , 0 ; @} + Ay, =+, Q

a, + +a s a;+ +a]._l+2a]+ +2an_l+an,z<n,z§7_n 1
The roots are different from B but contain the same a; so the argument is the

same. 0O

Lemma 5. /Dn contains monomials of descending degrees for n > 6.

Proof. Referring to Serre the positive roots of D are o, «++, a _,5 a; +

T R P S - SR SRR S M E I T

. cee cee A * A.+ o +200. F 0+
a, _,+a; a,_,+a, _;+a,, y O F ta, _;+a;a; 2]+

2a +a,_; +a, . Wemay write

n-2

oo e e X
/D,, = k/An-l(Xn-Z + xn)(xn—3 + Xn-? + Xn) (Xl + + X"“z + ")

: Xn(xn-Z +Xn-l +xn) e (Xl +°“+xn)
L |

n-3 n=2
I (X,-+---+2Xj+---+2Xn_z+Xn-1+Xn)'
=1 j=i+1
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The bracketed expression is what is needed along with [, | to create Ia
n- n

except for the missing factor (Xn_1 + Xn). We compensate by adding the term

(Xﬂ_3 +2X L+ X, 4 Xn) to create a function containing every monomial of

{4 - The remaining terms we write as
n
n-2
gDn=,ITl (Xi+ +X',I-2 +Xn)
1=

n—-4 n-2
n (Xi Foeee + 2X]. F e +2Xn-2+xn-l +Xn)'
i=1 j=i+l
We know from Lemma 3 that X;(I) cee X:(n) is found in /An for any permutation
s. We wish to produce a monomial with descending degrees in the X_ ., in gp
S “n
for any permutation s. There are two cases. First assume that s(1) £ n - 1.

Then we will be done if the monomial

-2 4 2
Xiom - e Xsnr Xsr Xs Xs@

is in 8p, First choose n — 2 different X from

M & +oaX _,+X), itdn-1,s).

We then proceed to the second factor. There are 7 — 3 terms containing X, so
if s(j) =1 we may pick X, in j =3 terms. Mimicking Lemma 4 we may con-
tinue by picking ;' -3 X,’s; where s(;') =2 and so on to X,_,- The sole
difference in the procedure will be that if j € (1, 2, 3, '4) we choose no Xs(j)’s.
After X _, every term cantains X _, and X so we may arbitrarily choose
k-2X _’sand k' =3 X 's; sk)=n-1, s(k’)=n We have thus produced
. . . L. 1

the desired monomial belonging to &p, and multiplying by Xs(l) oo X;’(n) we
have a monomial with strictly decreasing degrees.

If n-1=s(1) we will be done if

n=-3 yn=-3 4 2
Xs(n)xs(n—l) e Xs(6)XS(S)XS(4)XS(3)XS(Z)X_S(I)

is in gp,- Firse pick {X 1y, o+, X (5} in n;z=-12(xi teeet XL+ X))

Then proceed as before choosing j -3 X,’s, i'-3 X,’s and so on again skip-

ping Xs(l), ceey, Xs(4)' Proceed to X . and thento X . There will be one

remaining term which a priori contains Xi_l. Multiplying by X _, from this
factor we produce our monomial.

Ve have proved Theorem 1 for A , B , C_and D for n> 6. These are all
the complex simple Lie algebras except for the algebras G,, F,, D, DS’ E, E7
and Eg. In these cases the conditions of Lemma 2 may be verified directly.

We now summarize the results:
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Algebra a9 by cg =ay/by
A ,n>1 n nn + 1)/2 2/n + 1
B,C ,n>2 n n? 1/n

D ,n>4 n nln - 1) 1/n-1
G, 2 6 1/3

F, 4 | 1/6

E 6 | 36 1/6

E, 7 63 1/9

E, 8 120 1/15

We now extend our results to semisimple Lie algebras.

. . n .
Corollary. Let 8 be a semisimple Lie algebra, 8 =@7_, 8., with 8, the
simple components. If Cy, =" = Cy, > Cogty 2 > €9, then the number of

irreducible representations of 8 of dimension less than or equal to T is asymp-
totic to kT Y1 logs’lT.

Proof. We first assume that 8 has two simple factors, 8 = 8, ® 8,. The
irreducible representations of @ are tensor products of irreducible representa-
tions of the simple factors and the dimension of the tensor representation is a
product of the dimensions of the factor representations. The number of irreduc-
ible representations of @ of dimension <7 is () =2 .+ M (mM,(n),
where Ml.(x) is the number of irreducible representations of @I. of dimension x.

We partition § ={x, y| xy <7, x, y >0} into S_=5 N{x € [0, 1, S, =
sniyelo, 7} §= Y Sy so if we estimate both b (r) = Z(m'n)estl(m)Mz(ﬂ)
and by(r) = E(m‘n)esyMl(m)Mz(y) asymptotically, then h(r) ~ Max(b_(r), b (7).
Assume cy, > cy, (cI and c, for brevity); we will deal with c, =c, later.
Theorem 1 states 2;’=1 M) ~ pinci. Thus

trl/z] [/
b (r) = ;1 M, (@) ]; M, (j).

For any ¢ there exists r, such that

L L
<Z M, () - sz”) > M)
7j=1 j=1

<e¢ any L>r,.
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Then

[
b (r) = pzrcz Z] Ml('i)/ic2 +e'h (r)

=

where |¢'| <e if r> r%. Thus
) [ )
b (7) ~ pyr Zl M, @)/
i=

By the Abel summation formula

[r%] [rl/z]- 1/ @ %

127

> M6/ = X ZM M} (/i? —1/G + 1°2) + Z M) .Y
i=1 ;

=1 ;—-

+
Now c,/i?" > 1/i2 2 1/ + 12> ¢ /G + D727, s0
[r%]-l i +
R R 1
> XM e, /i?

-1/ [

a2 ZM (1)> /i - /G + D)) > 'Z (ZI:M () - e,/ 4 D2

j=1 i=1

For any € > 0 there exists r, such that

1

ZM(]) "y C> Z:IM(]) <e| any L >7,.
’—
I r>» rl, g
[rl/z]-l i [r 1.1
Z ZM (]) .c / cz*l Z ’.tlczi‘:l-cz-1 +E 4+ A
=1 i=1
where
["/2]_1 +1
|E| <e X Z M, () €2
i=r] =
and

r1yf i
A= z ZM(I)‘I‘-l )-cz/iczﬂ.

i=1 ]—

1, 1
[rA]—l c1=-c2-1 J‘[fé]-lxcl'CZ‘ldx
B€5t )

ci-c2|, 1 (cl-cz)/2+k'

=kr

=“1C2/(C1 —Cz)x
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AISO
l/] / )/2
—_ 2 -
E M ( ) €2 0 (C1 €2 + E !

—62/2

1
where |E'| < ezg;/;]Ml(i) .7 . Thus

.'ZMl(i)/ic Sk Y R AV (EAE').

From this

1+ 2€)b ) > (& + k')rcl+c2/2 + (k' + A 2> - 26)h ().

Thus b (r) ~ cr 2y crfrte? Similarly hy(r)'vpl clz[’ lu (z)/z . But

in this case 2[' ]M (z)/z is asymptotic to a constant. To see this

=1

] [%]-1 [ /
EM W/l = ¥ <ZM D)@/ - 1/G+ DY + ZM Gy 12,

$x_ M) is 0G?) and (1/i1 1/ + DT <o /i1, o

c2—c1/?

[’%] c r% cy=-cp-1
T M <k [T TN ax ky

- —c1/
-:Ie/((:1 —C‘Z)(l—rc2 c1/2)+k0762 1 2.

But ¢, — ¢, <0 so the above sum is < 2k/(c, —c,) if 7 is sufficiently large
and Lim,_,wz:;:le(i)/ic exists and is equal to k « Thus b (r) ~ k' apd
b(r) ~ b (r)

Th;s settles the case of @ = @7

argument @1 @ @2 has asymptotically k'n! irreducible representations of
dimension <n. By iteration (8, ® 8,) ® @, still has ~ k"n°! irreducible

1_1 ; where ¢, >c., i>1. By the above

representations and so on. This leaves the case of ¢, = ... =c_. Let 8=
@, ® @,. Tracing the argument for ¢, # ¢, nothing is changed until we arrive at
y -co-1 .. )
{#],c1=¢2=1 4 This integral now equals [L7)x=14x = Y log r so that
1 4 q 1 4

bx(r) ~n k1 log r and hy(r) ~ k'l log r. Now
bR =b O +h = 2 MM

i,jES_NS
x Ty
and the latter sum equals

4] [-%] %]
3 M OM,G) = 3 MG - M)
i=1 i=1 j=1
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which is 0(G:°!) so that h(r) ~ kr! log r. Taking @ = (@l @ @2) ® @3 we

arrive at the integral

)
f[: ](log x)/x dx =é logzr.

So b (r) ~ ke log?r, by(')“ B log?r, zi,jEanSyMl(i)MZ(j). is
O log r) and h(r) ~ kyr“!log? r. Continuing to the case ® = @D;_; 8, we
have h(r) ~ kr“!log®~! s and our corollary is proven. O
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